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Abstract
We consider a one-dimensional blood ﬂow model suitable for larger arteries. It consists of a hyperbolic system of two coupled
nonlinear equations. The model has already been successfully used in practice. Its numerical solution is usually achieved by means
of an explicit Taylor–Galerkin scheme. We have proposed a different approach. The system can be transformed to characteristic
directions emphasizing the physical nature of the problem. We solved this system by using an operator splitting on a moving grid.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The mathematical modelling and the numerical simulations have become important tools for better understanding of
the human cardiovascular system in recent years. The range of developed models or models being developed extends
from lumped models to complicated three-dimensional ﬂuid-structure models [9,8].
In this article we introduce a one-dimensionalmodel of blood ﬂow in a compliant vessel as described in [4]. The blood
ﬂow in the vessel is described by this and generally by all one-dimensional models through averaged quantities. They
cannot give us any information about ﬂow pattern. They are also not suitable for describing blood ﬂow in complicated
morphological regions as stenosis or bifurcations. However, these situations can also be covered to certain extent [3].
On the other hand computational complexity of one-dimensional models is several orders of magnitude lower than that
of multi-dimensional models. Recently, a multi scale approach has attracted wider interest. One-dimensional models
may be coupled with lumped parameter models [5] or with two- or three-dimensional ﬂuid models as described for
example in [2].
The model presented here is usually solved by means of a second order Taylor–Galerkin scheme, which is a ﬁnite
element counterpart of the Lax–Wendroff scheme. It is a pure analytic approach, which does not take into account the
physical nature of the problem. We have applied an operator splitting approach trying to develop a method suited for
this system of equations. We designed a numerical scheme and demonstrate it on examples.
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In Section 2 we review the derivation of the one-dimensional model. Next, we make its complete transformation into
characteristic variables.
In Section 3 we review the Taylor–Galerkin scheme for completeness. Further, we introduce the method here
developed. Finally, we support it with examples.
2. One-dimensional model
The cylindrical domain t representing the portion of a vessel is considered to have a static equilibrium in the radial
direction. Without loss of generality the axis s is identiﬁed with the z coordinate. 1 is the proximal (closer to a heart)
and 2 the distal (further from the heart) boundary (Fig. 1).
By integrating the Navier–Stokes equations on a cross section S(s, t) one gets the following system of two partial
differential equations [7]:
A
t
+ Q
s
= 0
Q
t
+ 
s
(

Q2
A
)
+ A

p¯
s
+ Kr Q
A
= 0
⎫⎪⎬
⎪⎭ s ∈ (0, l), t ∈ (0, T ), (2.1)
where A, Q and p denote the section area, the average volumetric ﬂux and the mean pressure, respectively,
A(t, s) =
∫
S(t,s)
d, Q(t, s) =
∫
S(t,s)
us d, p¯(t, s) = 1
A(t, s)
∫
S(t,s)
p d,
where us denotes the s-component of the velocity. The Kr is a resistance parameter linked to the blood viscosity. The
 (Coriolis coefﬁcient) depends on the velocity proﬁle
= A
(∫
S
u2s d
)(∫
S
us d
)−2
.
It accounts for the fact that the momentum ﬂux computed with the averaged quantities is in general different from the
actual momentum ﬂux [5]. For the sake of simplicity it is usually considered constant and equal to one. We follow this
usage. Finally,  is the density of blood.
The number of unknowns exceeds the number of equations in (2.1). The system can be closed by providing an
explicit relation between the pressure p and the vessel area A. We adopt the following relation [4]:
p¯ = p¯0 + 4
√
h0E(s)
3A0
(
√
A −√A0), (2.2)
where p¯0 is the external pressure, A0 the reference vessel section area, h0 the wall thickness and E(s) is the Young’s
modulus of the vessel wall material. We can assume p¯0 =0. For the sake of simplicity A0 is considered constant. Other
relations between p and A can be found in [6,11]. We denote
(s) := 4
√
h0E(s)
3A0
.
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Fig. 1. Domain.
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Taking into account (2.2) the system (2.1) can be written in the conservation form
U
t
+ 
s
F(U) = B(U), (2.3)
where
U =
[
A
Q
]
, F(U) =
[
Q
Q2
A
+ 
3
A3/2
]
,
B(U) =
[ 0
−Kr Q
A
+ A

d
ds
(√
A0 − 23
√
A
)]
. (2.4)
Further, it may be written in the quasi-linear form
U
t
+ H U
s
= B(U), (2.5)
where
H =
[ 0 1
c2 −
(
Q
A
)2
2
Q
A
]
=
[
0 1
c2 − u¯2 2u¯,
]
,
B(U) =
[
0
−KR Q
A
+ A

d
ds
(
√
A0 −
√
A)
]
. (2.6)
Here
c2 = A

p¯
A
, u¯ = Q
A
. (2.7)
It may be shown that for all allowable values of U, the matrix H possesses two distinct real eigenvalues and a corre-
sponding complete set of two left eigenvectors
	1,2 = u¯ ± c, l1,2 = 1
A
[−(u¯ ∓ c)
1
]
. (2.8)
Thus, our system (2.1) is strictly hyperbolic. Moreover, for the values attained by the mechanical parameters and blood
velocities in physiologic conditions c > u¯. Consequently, the eigenvalues have an opposite sign. Let us denote by L the
matrix of left eigenvectors l1,2 and = diag(	1, 	2). Then, we may write
U
t
+ L−1LU
s
= B(U)/ · L,
L
U
t
+ LU
s
= LB(U). (2.9)
One can easily ﬁnd a vector function W such that
L = W
U
=
⎡
⎢⎣
W1
A
W1
Q
W2
A
W2
Q
⎤
⎥⎦ . (2.10)
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The functions W1, W2 are the characteristic variables of the so-called Riemann invariants. They can always be found
for system of two conservation laws [1]. Here we obtain
W1,2 = Q
A
± 2
√
2

A1/41/2 (2.11)
and by inverting
A =
(


)2
(W1 − W2)4
45
, Q = AW1 + W2
2
. (2.12)
If B = 0, Eqs. (2.9) decouple

t
W1 + 	1 W1
s
= 0,

t
W2 + 	2 W2
s
= 0. (2.13)
The authors in [4] used the decoupled system to gain consistent boundary conditions. As 	1 > 0, 	2 < 0 one can assign
only one boundary condition for each end
W1(t) = g1(t) at s = 0, W2(t) = g2(t) at s = l. (2.14)
The values of W2 at s = 0 and W1 at s = l can be computed by the extrapolation of the outgoing characteristics. Due
to (2.13) one has
Wn+11 (l) = Wn1 (−	n1(l)t), Wn+12 (0) = Wn2 (−	n2(0)t), (2.15)
where values with index n are known from previous time step. Thus, boundary values of An+1 and Qn+1 at x = 0 and
l can be computed from (2.15) and (2.14) by means of (2.12).
We do not stop at this point and make a full transformation to the characteristic variables. First, let us rewrite the
system (2.9) by using (2.10)
W
U
U
t
+ W
U
U
s
= W
U
B(U). (2.16)
By applying the chain rule we gain
W
s
= W
U
U
s
+ W

d
ds
.
Eventually, by substituting this to (2.16) we obtain
W
t
+ W
s
= W
U
B(U) + W

d
ds
. (2.17)
Let us denote
BW := W
U
B(U) + W

d
ds
. (2.18)
We may write (2.17) componentwise

t
W1 + 	1 W1
s
= BW1 ,

t
W2 + 	2 W2
s
= BW2 . (2.19)
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The relations (2.12) allow us to express the eigenvalues 	1, 	2 and the source term BW in terms of W1, W2. After some
rather tedious symbolic computing
	1 = 5W1 + 3W28 , 	2 =
5W2 + 3W1
8
(2.20)
and
BW =
⎡
⎢⎢⎢⎣
−512KR
(


)2
(W1 + W2)
(W1 − W2)4
+ 1
8
(8
√
A0+ (W 21 − W 22 ))
d
ds
−512KR
(


)2
(W1 + W2)
(W1 − W2)4
+ 1
8
(8
√
A0− (W 21 − W 22 ))
d
ds
⎤
⎥⎥⎥⎦ . (2.21)
We assumed during the transformation that W1 > 0,W2 < 0, > 0, > 0.
3. Taylor–Galerkin scheme
As the Taylor-Galerkin method is used as the reference one, we shortly describe it in this section. For the complete
derivation we refer the reader again to [4].
The method is a ﬁnite element counterpart of the well known Lax–Wendroff (LW) scheme. One obtains the following
discretization of (2.3) in time
Un+1 = Un − t 
s
(
Fn + t
2
FnUB
n
)
− (t)
2
2
[
BnU
Fn
s
− 
s
(
FnU
Fn
s
)]
+ t
(
Bn + t
2
BnUB
n
)
, (3.1)
where
FU := FU , BU :=
B
U
.
Let us put FLW := F + (t/2)FUB and BLW := B + (t/2)BUB. A ﬁnite element formulation of (3.1) reads: ﬁnd
Un+1h ∈ Vh which satisﬁes
(Un+1h ,h) = (Unh,h) + t
(
FnLW ,
h
s
)
− (t)
2
2
(
BnU
Fn
s
,h
)
− (t)
2
2
(
FnU
Fn
s
,
h
s
)
+ t (BnLW ,h) ∀h ∈ V0h, (3.2)
where (. , .) indicates the inner product in L2((0, l)),Vh is a suitable ﬁnite element space andV0h is the set of functions
ofVh which are zero at z = 0 and l. Von Neumann linear stability analysis for the proposed ﬁnite element scheme on a
grid with uniform spacing h, gives a stability condition
t sup0<s<l(maxi=1,2 |	i |)
h
<
1√
3
. (3.3)
The method has two shortcomings. The ﬁrst one is that the LW is a well-known dispersive scheme. The other one is
obvious, when the elastic properties of the vessel wall change abruptly, such as in the case of a stent. Consequently ′
attains big values. As explained in [3], the use of regularization of , as done in [4], requires the use of a ﬁne mesh
around big jumps of . This causes a loss of efﬁciency of LW scheme due to stability condition (3.3).
In [3] the problem of very steep solutions is successfully tackled via the domain decomposition method. But one
problem still remains. The LW scheme produces spurious oscillations. It is evident particularly in the case, when the
elastic properties of the vessel wall change rapidly, the time step has to be small and number of iterations is substantial.
Nevertheless, the oscillations appear always, at least at the front area. One possible solution is to use a ﬂux-limiter
method [12], where the LW ﬂux is replaced by a hybrid ﬂux, which behaves as a low order ﬂux near discontinuities
and as a high order ﬂux in smooth regions. However, we tried a completely different approach.
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4. An operator splitting approach
We have transformed the system (2.1) to the characteristic variables

t
W1 + 5W1 + 3W28
W1
s
= BW1 ,

t
W2 + 5W2 + 3W18
W2
s
= BW2 , (4.1)
with the r.h.s. (2.21). Though the system (4.1) is not in a conservation law form, it is in many aspects rather simpler
than (2.1). From the physical point of view the system describes a ﬂow with a source term. The ﬂow speed depends
only on the values of W1 and W2, moreover linearly. The source term is more complicated. The ﬁrst term
−512KR
(


)2
(W1 + W2)
(W1 − W2)4
in BW1,2 is usually in physiological conditions of a small order. But the second term, particularly its part
√
A0

d
ds
,
causes numerical instability in the situations when the elastic properties of the wall properties change abruptly, such
as in the case of a stent.
Let us divide the time interval (0, T ) into n subintervals (ti−1, ti), where ti = i
, i = 1, · · · , n and 
 = T/n is the
time step. We employ an operator splitting idea. First, we solve the problem at one time interval for convection and
subsequently the resulting system of ODEs. The method of characteristics in this setting reads
W
n+1,(k)
1 − Wn1 ◦ n,(k−1)1


= B1(Wn+1,(k−1)1 ,Wn+1,(k−1)2 ),
W
n+1,(k)
2 − Wn2 ◦ n,(k−1)2


= B2(Wn+1,(k−1)1 ,Wn+1,(k−1)2 ), (4.2)
where Wn,(k)i stands for approximation of the solution Wi at time t = n
 gained by kth iteration and n,(k)i stands for
approximation of the characteristics
n,(k−1)i = x − 
	i (Wn+1,(k−1)1 ,Wn+1,(k−1)2 ), (4.3)
where Wn+1,(0)i = Wni . In practical realization of the last relation we used instead of Wn+1,(k−1)i the averaged value
W
n+1,(k−1)
i + Wni
2
.
The second equation of (4.2) may be modiﬁed
W
n+1,(k)
2 − Wn2 ◦ n,(k−1)2


= B2(Wn+1,(k)1 ,Wn+1,(k−1)2 ), (4.4)
as the Wn+1,(k)1 is already known. Eq. (4.2) is in fact the backward Euler scheme.
As said before, the physical nature of the problem is a ﬂow with a source term. If it is solved on a ﬁxed grid, the
justice to the physical nature is not done. Thus, we solved (4.2) on a moving grid. Let us call the resulting scheme the
point tracking (PT), as we ﬁrst move the grid and subsequently solve the system of ODEs.
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5. Numerical results
From (2.2) and (2.12) we get (p¯ = 0)
W1 = W2 + 4
√
2

(√
p + √A0
)
. (5.1)
So we can enter the proximal boundary condition in terms of a pressure impulse
g1(t) = W2(0, t) + 4
√
2

(√
(t) + (0)√A0
)
, (5.2)
or
g1(t) = W2(0, 0) + 4
√
2

(√
(t) + (0)√A0
)
, (5.3)
when we suppose that the proximal boundary is non-reﬂexive.
As a pressure impulse we used a sine wave depicted in Fig. 2.
In Fig. 3 we encounter spurious oscillations produced by the LW scheme. We took the time step 
 = 10−6 s to
emphasize this behaviour. As mentioned earlier, this in fact means we cannot use the method for very steep solutions
or longer intervals.
The comparison of the proposed method (PT) and the LW scheme can be found in Fig. 4. Even if the time interval 

is taken almost optimal in order to fulﬁll (3.3), we can see small oscillations in the front area produced by the LW.
Next, we simulate the change of the wall properties. We consider the example used in [4]. The length of the vessel
portion is 15 cm and the  depicted in Fig. 5 is used. This describes a situation, when for example a stent is applied.
We would like to refer the reader to an interesting solution of the problem using discontinuous Galerkin [10]. The
region where the vessel wall is stiffer is j1xj2, where j1 = 5 cm and j2 = 10 cm. The jumps at these points are
regularized. The third order polynomials are used. The constant K determines how stiff the walls are. Using the data
from [4] 0 = 451 352. We take K = 1.2 such that jump of  is 90 270. The width of the jump area  = 1 and the
time step is 
 = 10−4. Fig. 6 shows the solution at different time steps. The area where the vessel wall is stiffer is
easily identiﬁable. Small irregularities can be seen at the jump points, particularly in the depiction of the ﬂux Q. Some
adaptation of the moving grid could be used to improve the accuracy at the regions where the solution is very steep. It
can be done by adapting the time step for each grid point depending on a certain measure of steepness. Thus, in contrast
to the LW the reﬁnement can be decided locally, which improves the efﬁciency.
20000
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Fig. 2. Pressure (t).
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Fig. 3. Lax–Wendroff, l = 30 cm, n = 60, h = 0.5 cm, 
= 10−6 s, = const.
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Fig. 4. LW versus PT, l = 30 cm, n = 120, h = 0.25 cm, 
= 10−4 s, = const.
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Fig. 5. Beta.
Remark 1. The use of moving grid causes many algorithmic difﬁculties. Particularly, it is costly to ask for value of
the solution Wi(x), i ∈ 1, 2 at the certain point x. One should always avoid it.
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6. Conclusion
We transformed a one-dimensional blood ﬂow model to the characteristic variables and applied the operator splitting
idea to the resulting system. To satisfy the ﬂow nature of the problem, the spatial discretization by a moving grid was
applied. The approach resulted in an oscillation free method, comparable to the often used Lax–Wendroff scheme.
The effectiveness could be improved by time step adaptation. However, an effective implementation requires certain
state-of-art programming techniques.
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